
product moment correlation (r) between b1 and b2 reveal weak

correlations that approach or exceed 0.5 only if the unequally

rewarded (HL and LH) data for each animal are pooled (r~0:542,

with a 95% confidence interval [0.351,0.689] for A; r~0:458and

[0.205,0.653] for T). Moreover, as noted by J. Gao and J.

McClelland (personal communications), these parameters are not

orthogonal. In the PMF of Eq. (15), b1 accounts for how coherence

scales but it is the productb1b2 that describes the effect of unequal

rewards: thus, a correlation between b1 and b2 is to be expected.

Our optimality theory allows us to perform a more telling test.

While we cannot extract an exact formula for the optimal

covariation of b1 and b2 implicit in Eq. (33), Eq. (34) provides an

excellent approximation for the blue curves of Figure 9, implying

that individual session data should lie close to b
opt
2 ba

1& constant if

the animals are tracking the ridges. Fitting values of a for A and T

(a~1:26 and 1.30 respectively) and comparing the HL and LH

data sets with these curves gives considerably weaker correlations

than those for b1 and b2 quoted above. We therefore conclude that

no significantly-correlated adjustments of b1 and b2 exist, and that

random scatter dominates the individual session data.

Discussion

We reduce a leaky competing accumulator model to an Ornstein-

Uhlenbeck (OU) process, and therefrom derive a cumulative

normal psychometric function (PMF) that describes how accuracy

depends upon coherence (signal-to-noise ratio) in a two-alternative

forced-choice task with cued responses. The key parameters in the

PMF are its slopeat 50% accuracy, which quantifies a subject’s

sensitivity to the stimulus, and its shift: the coherence at which 50%

accuracy is realised. We compute analytical expressions describing

optimal shifts that maximize expected rewards for given slopes and

reward ratios. We find that this PMF can fit behavioral data from

two monkeys performing a motion discrimination task remarkably

well. The resulting slopes and shifts show that, faced with mixed

coherences, while both animals ‘‘overshift’’ for unequal rewards,

they nonetheless garner 98–99% of their maximum possible

rewards (Figure 8), and they achieve this in spite of significant

variability in sensitivity and shifts from session to session.

The linear OU process has the advantages of simplicity and it

yields an explicit expression for the PMF, but it only approximates

the dynamics of the decision process. Nonlinear drift-diffusion

processes can also be derived from multi-dimensional models

containing individual spiking neurons or neural pools [21,41], but

the Kolmogorov equations analogous to Eq. (6) cannot generally

be solved and explicit expressions for PMFs are not available. Such

more accurate models (with additional parameters) might provide

better fits to data than the cumulative normal of Eq. (11), although

the free response data presented in [41] indicates that there is little

difference between linear and nonlinear models in fit quality per

se. Nonlinear models do, however, better represent limiting neural

behavior at high and low spike rates.

We also propose two simple methods by which the OU process

could be biased by reward expectations, in order to produce such

shifts. The first requires a biased starting point for evidence

accumulation, the second assumes a continuing bias to the drift

rate that enters the OU process prior to and throughout the

stimulus viewing period. In the free response case, with blocked

trials and fixed coherence in each block, it is known that the

former is optimal [8], and recent experiments focusing on stimulus

proportions confirm that well-practiced human subjects do

approximate this [49]. As described under Models of stimuli and

reward biasing, the fixed viewing time experiment employed here

cannot distinguish among these or other biasing models.

Responses gathered for different reward cue and motion periods

would enable such distinctions; cf. [25]. Accumulator models have

also been proposed for working memory following stimulus offset

(e.g. see [50] for a somatosensory comparison task). Addition of

such a model and analysis of electrophysiological data throughout

the trial, including the variable delay period, may further

illuminate the biasing mechanism.

Our optimality analysis presumes that the PMF slope (b1) has an

upper bound that reflects fundamental limits on sensitivity to the

visual stimulus. We then seek the unique shift (b
opt
2 ) that maximizes

expected rewards over the given coherence and reward conditions,

for a fixed slope. This makes for a well-posed mathematical

analysis, but it does not imply that the animal is faced with a given

sensitivity and then ‘‘chooses’’ a shift. He might equally well

choose a shift and then ‘‘accept’’ a sensitivity that delivers

adequate rewards, perhaps by implicitly selecting a weight for the

top-down reward information, and then relaxing attention to the

stimuli until his reward rate reaches a predetermined level. He

Figure 8. Optimal PMFs (black curves) and bands (color) in
which 99.5% of maximal possible rewards are gained,
compared with session-averaged HL, LL and HH, and LH data
(triangles, left to right on each panel) for monkeys A (A) and T
(B). See text for details.
doi:10.1371/journal.pcbi.1000284.g008
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may even co-vary these parameters to achieve the same end. This
is reminiscent of a robust-satisficing strategy that has been studied
in connection with setting speed-accuracy tradeoffs [51].

A related study of optimal decision strategies in two-alternative
forced-choice tasks with free responses has shown that decision
thresholds can be determined for a pure drift diffusion process that
optimize reward rate by setting a speed-accuracy tradeoff [8]. In
that work it is necessary to assume that trials are blocked (e.g. with
equal coherences+ C), so that conditions remain statistically
stationary during each session and one can appeal to optimality of
the DD process [43]. In contrast, for cued responses only the
accuracy level need be maximized, one need not assume a pure
DD process, and optimization can be done in the face of mixed
coherences and mixed reward contingencies. As the theory
developed above shows, reduction to a one-dimensional process
permits explicit calculations of PMFs and optimality conditions,
and comparison with data requires only simple two parameter fits.
However, the present behavioral data lacks the reaction time
distributions that allow fits that could distinguish among multi-
paramater variants of DD and OU models [15,22,52,53].

We have taken as a utility functionE r½ �the (normalised) value of
expected rewards, implicitly assuming that two drops of juice are
worth twice one drop. Subjective utility may not vary linearly with
reward size: for example, at high reward ratios it may rise more
slowly and saturate due to satiety. In contrast, if we suppose that
two drops of juice are worth 2.5 or 3 times as much as one drop,
then the shifts of both animals would lie much closer to the optimal
curves of Figure 6 (translate the HL data points horizontally from
r1=r2~ 2 to 2.5 or 3, and the LH data points fromr1=r2~ 0:5 to

0.4 or 0.33). However, a study of subjective value quantification
would require investigation of a broad range of reward ratios.

The behavioral data analyzed here were obtained simulta-
neously with electrophysiological recordings from single neurons
in the lateral intraparietal area (LIP) of the cerebral cortex, a
region that is thought to play a key role in the formation of
oculomotor decisions within the central nervous system [7,19,34].
The results presented in this paper raise important questions for
our ongoing analysis of the neurophysiological data. Do decision-
related neurons in LIP encode or at least reflect effects of both the
reward prior and the coherence of the visual stimuli? Are the two
effects present in the same proportions at the neural level as at the
behavioral level (as quantified in the present paper)? Is the effect of
reward bias evident as an offset at the start of accumulation of
motion information by LIP neurons, or as a gain factor on the
accumulation process, or both? These questions will be addressed
in a future publication integrating neurophysiological data with
the behavioral results.
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